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PARABOLIC EVOLUTION EQUATIONS
WITH ASYMPTOTICALLY AUTONOMOUS DELAY

ROLAND SCHNAUBELT

ABSTRACT. We study retarded parabolic non-autonomous evolution equations
whose coefficients converge as t — oo, such that the autonomous problem in
the limit has an exponential dichotomy. Then the non-autonomous problem
inherits the exponential dichotomy, and the solution of the inhomogeneous
equation tends to the stationary solution at infinity. We use a generalized
characteristic equation to deduce the exponential dichotomy and new repre-
sentation formulas for the solution of the inhomogeneous equation.

1. INTRODUCTION

In the present paper we investigate the long-term behaviour of linear non-
autonomous evolution equations

(1.1 at) = Alut) + Lu + f(t), t=s20, us=¢€E,

on a Banach space X. The equation is parabolic in so far the linear operators
A(t), t > 0, are supposed to be sectorial of the same type and to satisfy the
‘Acquistapace-Terreni’ condition (see (P) in Section 2). Moreover, we let r > 0,
E = C(]-r,0],X), and us(§) := u(t + &) for & € [-r,0], t > s, and a function
u: [s —7,00) — X. Equation ([-I)) also contains the retardation operators L(t) :
E — X, t > 0, which are assumed to belong to Cy(R4, L (E, X)), the space
of uniformly bounded, strongly continuous operator-valued functions. We finally
require that the problem be asymptotically autonomous in the sense that there
exist a sectorial operator A and a bounded operator L : E — X such that

(1.2) Jim R(w, A(t)) = R(w, 4) in £(X),
(1.3) Jim L() =L in L(CP([-r,0],X),X)

for some 3 € [0,1). This covers in particular the prototypical case

(1.4) L(t)¢ = B(t)p(=7(1));

where 7 € C(Ry4,[-r,0]) and B(-) € Cp(R4, Ls(X)) converge (in R and L(X),
respectively) as t — oco. Observe that in (L4) one does not have convergence in
L(E,X).
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Let us first consider the undelayed case L(t) = 0, i.e.,
(1.5) u(t) = A(t)u(t) + f(t), t>s>0, u(s) = z.

It was established in [6] Thm. 6.2] (improving a closely related result in [32]) that
the spectral condition

(1.6) o(A)NiR =0

implies the exponential dichotomy (on a time interval [a, 00) C Ry ) of the evolution
family U(-,-) solving (LH) with f = 0. (Recall that (I.G) implies the exponential
dichotomy of the semigroup generated by A, but that o(A(¢))NiR = 0 for ¢ > 0 does
not imply the exponential dichotomy of U(-,-).) The approach of [6] in fact leads to
robustness results for the exponential dichotomy of ([L5]) under small perturbations
defined on D(A(t)); see [33, Thm. 4.1] and also [22], Thm. 3.5] for an earlier result
in a more regular setting.

Moreover, if f(t) — foo, then the mild solution w of (Al converges to the
stationary solution at infinity, i.e.,

tlim u(t) = —A" 1 foo = us

provided a compatibility condition for f and z holds, which is necessary for the
boundedness of u. If f is, e.g., Holder continuous, then the mild solution is a
classical one,
(1.7) lim u(t) =0, and lim A(¢)u(t) = Auco
t—o0 t—oo

due to [32] Thm. 4.1]. These results extend a theorem by H. Tanabe [35] Thm.
5.6.1]; see also [16] for closely related facts and [32] for further references.

If one wants to extend these theorems to the retarded problem (ITl), several new
phenomena appear. First of all, one has to consider the limit problem

(1.8) u(t) = Au(t) + Lug, ¢ >0, uo=¢ € E.

Recall that the solution of (LJ)) is given by u(t) = [S(¢)$](0), where the semigroup
S(-) on E is generated by

(1.9) B:= g, D(B):={¢ e C'([-r0],X):¢(0) € D(A), ¢'(0) = Ap(0)+Lg}.
It is known that S(-) has an exponential dichotomy if and only if
(1.10) c(B)NiR=0 < A€ p(A+ L)) VIe€iR,

where Ly € £(X) is given by Lyx := Leyx for A € C and ey (£) := e, —r < £ <0.
The right hand side of (I0) replaces the spectral condition (LB) and can be
regarded as a ‘generalized characteristic equation’ for (I8). The proofs of these
facts are contained in [T, §VI.6]; see also [36] §§3.1, 3.2] and the references therein.

Second, the presence of the retardations L(t) delays the smoothing effect of the
parabolic part of (Il). Moreover, in order to treat the example ([C4) we have
to involve the Holder space in the convergence property (I3]). These points lead
to somewhat tedious computations involving deeper regularity properties of the
undelayed parabolic equation ([CH) established in [1], [2]. In order to keep the
technical difficulties within reasonable bounds, we do not consider delay terms
defined on intermediate spaces between D(A(¢)) and X (which would probably be
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possible)ﬁ In addition, the treatment of the inhomogeneous problem requires new
‘variation of parameter formulas’; see Section [l

The main problem, however, is of a more principal nature. The approach of
[6] and [32] relies on a perturbation result for exponential dichotomies of non-
autonomous evolution equations without delays; see e.g. [7], [32]. Such results are
typically based on characterizations of exponential dichotomy, where we prefer a
characterization in terms of the spectra of an associated ‘evolution semigroup’ on
the space Cp(R, X); see (213) and [[7]. Based on (2.13), we recently characterized
[15] the exponential dichotomy of a large class of retarded problems by the gen-
eralized characteristic equation (2:15). This equivalence (combined with further
semigroup theory) then allows us to establish our crucial robustness results for
(T1]), Propositions[3.2] and [3:3] Observe that the exponential dichotomy need not
persist under small delays if the problem is not parabolic; see [4], [9], [19].

In Theorem we then establish our main result: The homogeneous problem
() with f = 0 has an exponential dichotomy (on a time interval [a,c0) C Ry) if
condition (IT0) holds. In different settings this subject is also treated in [4], [10],
18], [17, [19], [21], [30]. We further refer to [8], [I8 §9.5], [21], [24] for related
investigations if X = C™. Based on this theorem, it is proved in Section H that
the mild solution u of the inhomogeneous problem (I.1]) converges to the stationary
solution at infinity, i.e.,

Jim u(t) = —(A+ Lo) ™ fu.

To that purpose we have to establish new representation formulas for the mild solu-
tion of the inhomogeneous equation, which are inspired by the evolution semigroup
approach and by the papers [13], [14], [I5], [26]. Finally, if f and L(-) are, e.g.,
Hélder continuous in time, then the mild solution w of () is a classical one and
satisfies again (7)) as we show in Section Bl There we also discuss a retarded
parabolic partial differential equation.

In the next section we present auxiliary results concerning the solvability and
regularity of ((LA) and (L) and concerning exponential dichotomy and its charac-
terizations. Unexplained notation can be found in [II]. By ¢ we denote a generic
constant.

2. PREREQUISITES

Parabolic evolution equations. Let X be a Banach space and J be either R or
[a,00). A collection {U(t,s) : t > s,t,s € J} C L(X) is said to be an evolution
family if

(a) U(t,s)=U(t,7)U(r,s), U(s,s)=1, and

(b) (t,s) — U(t,s) is strongly continuous
fort > 7 >sandt, 7,5 € J. A closed linear operator A on X is called sectorial of
type (¢, K) if it is densely defined and

1R Al <

f Y C p(A

*A retardation such as L(t)¢ = A(t)¢(—7(t)) would lead to more severe difficulties; e.g., (LI0)
does not imply the exponential dichotomy of the corresponding autonomous problem in certain
cases; see [5].
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and constants K > 0, ¢ € (7/2,7), where X4 := {0} U{A € C\ {0} : |arg \| < ¢}.
Recall that then A generates an exponentially stable analytic semigroup (e‘4);>o.
Given 0 € (0,1) and an operator A such that A4, := A — w is sectorial for some
w > 0, we set

|z)|l3t == sup [N AL R\, Ay)z| and XZ':={z € X : |z||§ < oo}.
AEX

Note that (X', | - ||5') is a Banach space continuously embedded in X. Further,
Xt := D(A) is equipped with the graph norm of A, and X' := X. We refer
to [3l Chaps. I, V], [T}, §IL.5], or [23] Chaps. 1, 2] for the interpolation theory of
(analytic) semigroups. The following hypothesis was introduced by P. Acquistapace
and B. Terreni in [2].

(P) The operators A, (t) = A(t)—w, t € J, are sectorial of the same type (¢, K)
and

[Aw(®) ™ = Aw(s) e, xzy < LIt — s

for t,s € J and constants w,K,L > 0, ¢ € (5,7), and p,v € (0,1] with
nw+v>1

Here we let X/} := X;(t) and ||z||}) := HJ;Hﬁ(t). Under these assumptions it is shown
in [1, Thm. 2.3] that there exists an evolution family U(t,s), t > s, t,s € J, such
that U(-,s) € C'((s,00),L(X)) and 8,U(t,s) = A(t)U(t,s) for t > s. Moreover,
u=U(,8)z € C([s,0), X) is the unique solution of (.5 for x € D(A(s)) and
f=0; see also [2], [3], [37], [38]. We say that A(-) generates U(-,-). This evolution
family also possesses parabolic regularity in the sense that

(2.1) 1O )| coxgxg + (= s)? |U(t, sexxy <G,
(2.2) JAWU(t, 8)]l2(x5,x) < C (t—s)"71,
(2.3) [U(t,s) = Il ixs,x) < C (t—s)

for0 <t—s<1,0<6 <1, and a constant C depending only on the constants
in (P). In [38, Thms. 2.1, 2.3] similar estimates involving fractional powers are
established. In the present context, (1) follows by interpolating the cases = 0,1
in [I Thm. 2.3], whereas (Z2) and (@3) are consequences of the representation
formula

t

(2.4) Ult,s) = et=2)4) +/ Z(r,s)dr

S

given in [I (2.6)], the regularity of analytic semigroups (see [23, §2.2]), and the
estimates for Z(¢, s) stated in [T, Lemma 2.2]. (To verify [22)), use that 24 yields

AU (t,s) = QU (t, s) = A(s)et =94 1 Z(t, s)
for t > s.) Similarly one sees that
(2.5) AU (¢, s) = AU, s)l| < Coe™ 70 (' = 1)’

for s+e<t<t <s+1,and 0 € [0,u+v —1). Note that (ZT]) with 6 = 0 implies
the exponential boundedness of U(t, s), i.e., there are constants M > 1 and w € R
such that

(2.6) |U(t, s)|| < Me*t= for t>s.



PARABOLIC EVOLUTION EQUATIONS WITH AUTONOMOUS DELAY 3521

For f € L} (J,X) and o € X the mild solution of (LH) is defined by

loc

(2.7) u(t) = U(t,s)x—i—/ U(t,7)f(r)dr.

Every classical, and even strong, solution of (H) is a mild one by [I, Prop. 3.2].
Conversely, the mild solution is continuously differentiable, u(t) € D(A(t)), and it
satisfies (LH) for t > s if x € D(A(s)) and f is Holder continuous or bounded with
respect to interpolation norms due to [2, Thms. 6.1, 6.2].

Retarded evolution equations. We now turn our attention to the retarded prob-
lem (). Let U(:,-) be an exponentially bounded evolution family on X with
J =[a,00),R and let L(-) € Cy(J, Ls(E, X)). Here and below we use the notation

introduced in Section 1. Define the evolution family U (,-) on E by

Pt +& - s), —r<{<s—t,

(28) (U(tv 8)¢) (5) = {U(t + €, S)¢(0)7 s—t< f <0,

for £ € [-1,0], ¢ € E, and t > s, s € J. Then there exists a unique exponentially
bounded evolution family V (-,-) on E satisfying

N (t+E)vs
(2.9)  (V(t.s)9) (&) = (U(t,s)9) () +/ Ut +&7)L(T)V (7, s)pdr

for £ € [-r,0], ¢ € E, t > s, and s € J, where a V b := max{a,b}. This result
is more or less known and proved in e.g. [30, Prop. 3.2]. In the autonomous case,
where L(t) = L and U(t, s) = e*=*)4_ we obtain V (¢, s) = S(t—s) for the semigroup
S(-) generated by the operator B defined in (C3); see Lemmas V1.6.2 and VI.6.5 in
1] or [36, Thm. 3.1.5]. Gronwall’s inequality and the estimate Z26) with w > 0
imply that

(2.10) [V (£, 9)]] < M exp|(w + M| L(-)[[oc) (t — 5)].
Given ¢ € F and s € J, we set
u(t) = ot —s), tel[s—rs],
V(t,s)p(0), t>s.
Formulas (ZY)) and Z3)) yield uy = V(t,s)¢ for t > s, and u is thus the unique
continuous solution of

u(t) = U(t, s)$(0) + / U(t,7)L(r)u, dr

for t > s. Further, let f € L} (J,X). In analogy to ([21), we call a function

loc

u € C([s — r,00), X) satisfying

t
u(t) = U(t, 5)¢(0) +/ Ut,7) (L(T)ur + f(7))dr, t=>s,

S
u(t) =9t —s), s—r<t<s,
the mild solution of the inhomogeneous problem (ZIIl) (or of () if U(-,-) is
generated by A(-)). By a standard fix point argument one easily constructs a

mild solution which is unique by Gronwall’s inequality; see e.g. [12, Thm. 3.2].
In Section [ we derive representation formulas for the mild solutions, whereas in

(2.11)



3522 ROLAND SCHNAUBELT

Proposition B.2lits regularity is investigated in the parabolic case. For more results
in this context we refer to [10], [13], [14], [I5], [25], [26], [27], [34], [30, Chap. 4].

Exponential dichotomy. An evolution family U(-,-) on X with J = [a,00) or R
is said to have an exponential dichotomy (or to be hyperbolic) if there are projections
P(:) € Cp(J, Ls(X)) and constants N, > 0 such that

(a) U(t,s)P(s) = P(t)U(t,s),

(b) the restriction Ug(t,s) : Q(s)X — Q(t)X of U(t, s) is invertible (and we

set Ug(s,t) :=Ug(t,s)™ 1),

() IU(t,s)P(s)ll < Nem®=) and [|Uq(s,t)Q(t)]| < Ne°t=),
for t > s and s € J. Here and below we let Q = I — P for a projection P. In
the case that P(t) = I for t € J we call U(-,-) exponentially stable. We also need
Green’s function

F(t ) — U(t,S)P(S), t 2 S, tas € Ja
»8) = —Ug(t,s)Q(s), t<s,t,sel,

corresponding to a hyperbolic evolution family U(-,-) with projections P(-).

The dichotomy projections are uniquely determined by (a)—(c) if J = R, [29]
Cor. 3.3]. This uniqueness fails for J = [a,00). If U(t,s) = T(t — s) for t > s,
J = R, and a Cp-semigroup T'(+), then P(t) = P does not depend on t by [29]
Cor. 3.3] so that the standard spectral theory for semigroups applies (compare [11]
§IV.3, V.1)).

Let U(-,-) be an exponentially bounded evolution family on X with J = R. As
can be seen by simple ODE examples, see e.g. [I1] Ex. VI.9.9], we cannot hope
to characterize the exponential dichotomy of an evolution family by the spectra of
the operators generating it. Instead we use the spectra of the associated evolution
semigroup given by

(TU(t)f) (S) = U(Sa S — t)f(S - t)7 t Z Oa ENS R7 f S CO(RaX)v
and its generator Gy ; cf. [f] or [I1l §VI.9]. It is not difficult to show that Ty (-) is

in fact a Cp-semigroup on Cy(R, X') and that
t

(2.12) (RO Gu)f) (1) = / Us(t, 5)f(5) ds

fort e R, f € Cp(R, X), and Re A > w, where w is given as in () and U,(¢, s) :=
e~ 2t=9)U(t,s). A result by R. Rau, Y. Latushkin, and S. Montgomery-Smith says
that

(2.13) U(-,-) is hyperbolic <= 1 € p(Ty(to)) for some to >0 <= 0 € p(Gy)
and that then the dichotomy projections are given by

(2.14) P() = %/TR(/\,TU(tO))d/\,

for the unit circle T; see [7, Thm. 3.17] or [LIl Thm. VI.9.18]. Assume further
that L(-) € Cp(R, Ls(E, X)) and let V(-,-) solve (29). Evaluating the equivalence
(B:13) for the evolution semigroup on Cy(R, E) induced by V (¢, s), it was proved in
[15, Cor. 3.6] that

(2.15)  V(.,-) is hyperbolic on F <— Gy + I//(\) is invertible on Cp(R, X),

where (L(-)f)(t) := L(t)f; for f € Co(R, X) and D(Gy + L()) := D(Gp).
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Finally we state a result needed in Sections [ and

Proposition 2.1. Let U(-,-) be an exponentially bounded evolution family on a
Banach space X with J = R and let A generate the Cy-semigroup S(-). Assume
that U(-,+) and S(-) have exponential dichotomy with projections P(t) and P, re-
spectively, and that U(s+t,s) — S(t) strongly fort > 0 as s — co. Then P(s) — P
strongly as s — 0.

Proof. Let F := {f € C(R,X) : f(t) — 0ast — —o0, f(t) — foo ast — oo} be
endowed with the sup-norm. Clearly,

(2.16) (Tu(t)f) (s) :=U(s,s —t)f(s—t), t>0,sER, feF,

defines an exponentially bounded semigroup TU() on F. Its restriction to F :=
Co(R, X) is the evolution semigroup Ty (-). The spaces F and F x X =: F' are
isomorphic via

q):ﬁ’_)ﬁv f'_)(f_MfOOafOO)a

where Mz := @(-)x for a fixed function ¢ € C(R) with support in Ry and

lim;_, oo () = 1. We consider the induced semigroup Ty (+) on F' given by

To(t) = dTy (H)d" = (TUO“) TU(t)]‘é(;)MS“D L t>o0.

By the assumption and (2I3), A — Ty(1) and XA — S(1) are invertible for |A\| = 1;
hence A € p(Ty7(1)). This means that Tp(-) and Ty (-) are hyperbolic with spectral
projections P and P, respectively. On the other hand, formula (2.I6) defines a
semigroup T5(-) on Cy(R, X) which is hyperbolic with projection
Py =Pt = — [ RO TH(1)) dA
211 T ’

by [28, Thm. 5.6] and the exponential dichotomy of U(-,-). Since R(\, T5(1))f =
R\, Ty(1))f for f € F, we obtain P = P® = P(-). Therefore P(t) converges
strongly to a projection P’ as t — co. Finally,

P L/TR(A,TU(U)‘D‘ = <P(§.> 1*3>

211

= 2%” T(I)R(A,TU(I))CIfl d\ = dP()d ! = (PO') ;,)

—~

so that P = P’. O

3. EXPONENTIAL DICHOTOMY OF RETARDED EVOLUTION EQUATIONS

We start with two robustness results for exponential dichotomy, where first L(-)
and then U(+,-) is varied employing different techniques. Proposition shows in
particular that dichotomy is not sensitive to small delays in the parabolic case; see
[4, Thm. 4.2] and [I9] for related autonomous results. We point out that in general,
exponential stability can be destroyed by arbitrarily small delays; see [4], [9], [19].
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The next preliminary lemma allows us to prove the uniformity of the dichotomy
constants needed in Proposition [3.8

Lemma 3.1. Let U(-,-) be an evolution family with J = R satisfying (2.6) with
w >0 and L(:) € Co(R, Ls(E, X)). Assume that the evolution family V (-,-) solving
R3) on E has an exponential dichotomy with constants N,§ > 0. Then N < Ny
and § > 6o > 0 where Ny and 8y only depend on M,w, ||L(-)||eo, [(Gu + L(-))7Y.
Conversely,

—

(Gu + L(-)) || < 4N/s.

Proof. Due to |31, Lemma 3.1}, N and § only depend on the exponential estimate
of V(-,-) and the norm of G7,'. The first assertion thus follows from (ZI0) and the
formula

—

(G ) (1) = [(Gu + L) THFC,0) + LORH — (RF) (2),

0
(BN () = [ fle=r+tmydr,  feCRE). teR €€ [-r0)
3
shown in [I5, Thm.3.5]. The proof of this theorem also yields that

(Gu + L)) "o = (Gy' 10) (-, 0)

for ¢ € Cp(R, X) and a map @y, : Cp(R, X) — Co(R, E) with norm less than 2; cf.
[15, (3.12)]. This implies the second assertion since ||G;'|| < 2N/d by [11, Thm.
VI.9.18]. 0

Proposition 3.2. Let A(t), t € R, satisfy (P) and generate U(-,-) on X. Let
Vi(,+) solve 29) on E for U(-,-) and Ly(-) € Co(R,Ls(E, X)), k =1,2. Assume
that

(3.1) ¢:=sup[lLa(t) = La(®)llcccoq-ro,2),x) < o0

for some B € [0,1) and that V1(-,-) has an exponential dichotomy. Then there is a
number qo > 0 such that Va(-,-) also has an exponential dichotomy with constants
N,d > 0 provided that ¢ < qo. Moreover, N < Ny and § > dy > 0 where Ny and dg
only depend on U(-,+), L1(), |L>() oo, and qo.

Proof. In view of (ZI0) we have to show that Gy + L/(\) with domain D(Gy) is
invertible on Cy(R, X) knowing that Gy + L1 (-) is invertible. Fix A > w, where

—

w > 0 is given by (Z6). Then A € p(Gr), (A—Gu)(Gu + L1(-)) ! is bounded, and

(3.2)
Gy + L/(\)

= [I — (L1(-) = La(-))R(A, Gu)(A = Gu)(Gu + L1(-) | (Gu + La ().
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We deduce from (31)), 2I2), (23), and (1) that

I(Z10) = La(DRO Gu) flse
< q[IIRO Go) fllos

+ s [€ =0l P RO GU)f(E+€) = ROLGo)f(t+n)l]
TR

t+&
<qfelfle+ s _fe—nl ([ o+ Ens@)dr
<n<E<0 t

TR o
t+n
+ [ IO+t ) - DU+ ) )7 |
< cqllfl

for f € Co(R, X) and constants ¢ > 0 independent of ¢ and f. Thus B:2) implies

the invertibility of Gy + La(+) for sufficiently small gq. The final assertion is an easy
consequence of the previous lemma and (3.2]). O

Proposition 3.3. Let U(-,-) and U,(,-), n € N, be evolution families on X with
J =R satisfying 2.6) uniformly inn, and let L,,(-) € Co(R, Ls(E, X)) be uniformly
bounded inn. Let Vy, (-, ), respectively Vo (-, -), solve Z9) on E with J =R for L, (-)
and Uy (-, -), respectively U(-,-). Assume that

(3.3) lim sup [|Un(s +t,5) = U(s +1,5)|zx) =0

n—oo SER

for all t >0 and that V,(-,-) is hyperbolic with uniform constants. Then Vi, (-, is
hyperbolic for large n and the dichotomy constants can be chosen independent of n.
Proof. Let Gy, = Gy, be the generator of the evolution semigroup 7, (-) on Co(R, X)

—

corresponding to U, (-,-). Due to ([ZI5) we know that H, := Gy 4 Ly(-) with do-
main D(Gy ) is invertible and we have to show the invertibility of H,, := G,, + L/n(\)
with domain D(G,,) for large n. Let R, (-) and R, (-) be the semigroups on Cy(R, X)
generated by H, and H,, respectively. By standard perturbation theory, both
semigroups are exponentially bounded uniformly in n (with a common exponential
bound @) and we have

Ru(t) = Bult) = Tul0) = To®) + [ (Tult = 5) = Tt = ) LD Rus) ds

— ~

(3.4) +/0 Ty (t — $)Ln () (Bn(s) — Ru(s)) ds

for t > 0. Observe that ¢t — ||R,(t) — R,(t)] is lower semicontinuous and thus
measurable. Therefore the function

Ry =Ry ; ot) = mn~<><> HRn(t) - Rn(o”

is measurable and also locally bounded. Assumption (B3) implies that T, (t) —
Ty (t) in operator norm for ¢ > 0 as n — oo. We thus deduce from (B.4)

¢
o(t) < c/ ©(s)ds for t>0
0



3526 ROLAND SCHNAUBELT

using Fatou’s lemma. Therefore R, (t) — Ry, (t) tends to 0 in operator norm for ¢ > 0

due to Gronwall’s inequality. This yields R(A, Hy,) — R(\, H,) — 0 in L(Cy(R, X))

as n — oo for a fixed A > @. Observe that

I— )‘R(Aa Hn) = {I - A(R(Aa Hn) - R(Aa ﬁn))[I - AR(Av ﬁn)]il}[‘[ - AR(Av ﬁn)]a
[[ — AR\ H,)| ' =1—-XH;'.

As a result, I — AR(\, H,,) has a uniformly bounded inverse for large n due to
Lemma[31] and the assumptions. Hence

H,'= RO\ Hy) AR\, Hy,) — 171

exists and is uniformly bounded for large n. The assertion now follows from (215
and Lemma BI O

We return to the asymptotically autonomous case making the following assump-
tions.

(H1) The operators A(t), t > 0, on X satisfy (P) and there is an operator A on
X such that A — w is sectorial and

04(t) := sup ||R(w, A(s)) — R(w, A)|lz(x) — 0 as t — oo.
s>t

(H2) There are operators L(-) € Cp(Ry, Ls(E, X)) and L € L(E, X) such that

or(t) := sup [ L(s) = Ll cico(i=r0).).3) = 0

as t — oo for some § € [0,1).

In the remainder of this section U(:,-) is the evolution family on X generated by
A(+), T(+) is the semigroup on X generated by A, V(:,-) is the evolution family on
E solving (29), and S(-) is the semigroup on E generated by B (see (IY)).

In order to establish our results on exponential dichotomy, we need some con-
vergence and regularity properties of U(-,-) and V (-, -), respectively. For a > 0 we
introduce the evolution family

Ul(t,s), t>s>a,
(3.5) Uu(t,s) = U(t,a)T(a—s), t>a>s,
Tt —s), a>t>s,

on X. We further define
Fip = {0 € C"([-r,00,X) : 6(0) € X5}
and
Fgly = {¢ € C"([-n,0], X) : 6(0) € X'}
for t > 0 and h,0 € [0,1] and endow these spaces with their natural norms.
The first assertion in the next lemma follows from [6l Thm. 4.7], see also [32]

Lemma 3.2]. The second assertion is a consequence of the first one, compare the
proofs of [6] Prop. 6.1] or [32, Thm. 3.3].

Lemma 3.4. Let (H1) hold. Then U(s+t,s) — T(t) in L(X) as s — oo uniformly
fort € [to,t1] C (0,00). Moreover, Ug(s+t,s) — T(t) in L(X) as a — oo uniformly
for s € R and t € [to, t1] C (0, 00).
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Lemma 3.5. Let A(t), t > 0, satisfy (P), L(-) € Co(Ry, Ls(E, X)), 0< h <0 <1,
and § > 0. Then V(t,s) : F, — Fj,, t > s > 0, is exponentially bounded
and V(t,s) : E — Fg,h is uniformly bounded for r +6 <t —s < tg. Moreover,
Vi(t,s): Fgy — F(ih, t > s >0, is exponentially bounded for 0 < h <6 <1.

Proof. Let s,t9p > 0,0 < h <6 < 1,and 6 > 0. From (1)) and (23) we easily
deduce

IV (¢, $)8l(0)]l < {

cllpO)s +efit —7) O dlpdr, s<t<s+t,
cllp)| +c it —m)Cloledr, s+8<t<s+to,

(3.6) < cllollpg,, s<t<s+to,
T lelolle, s+ <t<s+to,

where ¢ does not depend on ¢, s, and ¢ as indicated above (but possibly on tg and
0). For 0> ¢ >n>—randt+mn>s, we can write

[Vt 5)9]() = [V (¢, 5)0](n)
t+¢
=Ut+&t+n) —0)[V(E+n,)6(0)+ /t+ Ut+&7)L(T)V (T, s)pdr.
Then (Z3)) and (B6) imply

IV (&, 5)¢l(€) = [V (¢, s)ol(n)] < {

C|£_n|h”¢|Fﬁyov s§t§8+t07
cle=n"lole, s+r+6<t<s+to.

Ift+ & > s >1t+n, we obtain analogously
[V(t,5)¢l(&) — [V(£,5)¢](n) = U(t + £, 5)0(0) — $(0) + ¢(0) — ¢(t + 1 — 5)

t+e
+ / Ut+¢&7)L(T)V(r,s)pdr,
IV (t,8)9)(€) — [V(t, s)ol ()| < ¢l —n|" 4]

fors <t <s+typsince 0 <s—t—n,t+&—s<E—nin this case. The lemma is an
immediate consequence of the above estimates and X — X}; see e.g. [23] Prop.
1.2.3]. (]

s
Fyn

We can now prove that V(+,-) inherits the exponential dichotomy of S(-) which
has been characterized in ([LIU). For the undelayed problem this result was shown
in [6] Thms. 6.2, 6.3] (in a more general situation) and in [32 Thm. 3.3] (under
slightly stronger assumptions).

Theorem 3.6. Assume that (H1), (H2), and o(B) NiR = @ hold. Then the
evolution family V(-,-) solving [Z3) is hyperbolic on an interval [a,00) C Ry with
projections Py (s). Moreover, V(s +t,s) — S(t) and Py(s) — Ps strongly on E
and uniformly for t € [0,t9] as s — oo, where Ps is the dichotomy projection of
S(+).

Proof. (1) Given a > 0, we define U, (+,-) as in (1) and

L(t), t>a,
Lot):=q(t—a+1)L{t)+ (a—t)L, a—1<t<a,
L, t<a-1.
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Note that L,(-) € Cp(R, L;(E, X)) and

or(a—1), t>a-—1,

La(t)— L . <
[ La(t) = Ll c(co(—r00,x),x) < {0, t<a_1,

by (H2). We apply Proposition B.2] with U (¢, s) replaced by T'(t — s), L1(¢) by L,
and Lo(t) by Lq(t). Consequently there exists an ag > 0 such that the evolution
family solving (2.9) for T'(t — s) and L,(t) has an exponential dichotomy for a > ay.
Lemma B.4]and Proposition B3] (applied to T'(t — s), U, (t,s), and L, (t)) show that
there is a number a; > ag such that the evolution family V, (¢, s) solving (2.9) for
Ua(t,s) and L4 (t) has an exponential dichotomy if @ > a;. This implies the first
assertion since V (¢, s) = V, (¢, s) for t > s > a by the uniqueness of (2.9).

(2) Let ¢ € Fy 5, 8 > a, t € [0,%], and § € [-7,0] with ¢ + & > 0. Then 2.9)
yields

V(s +1t,5)0(§) — S(t)o(8)
=U(s +1+£,5)6(0) = T(t +£)9(0)

s+t+E€
(3.7) +/ (U(s +t+6,7) = T(s+t+ € — 7)) L)V (7, 5)p dr
ss+t+§
+/ T(s+1t+¢—7)(L(r) - DV (r,s)pdr
ss+t+§
+ / T(s+1t+€&— 1)L (V(rs)p— S(r — )6) dr.
=:51+ 52+ S35+ S4.
Observe that

U(s+h,s)—T(h) =U(s +h,s) — M)

+ % FeAhAwR(/\,A)(A;I — Aw(5)7Y) Aw(s)R(N, A(s)) dA

for a suitable path T' in C. Formula (2.6) and Lemma 2.2 of [1] thus imply
U s+t +& 5)6(0) = T(t + )d(0)| < ¢ ((t+ €)™ +0a(s)) [#(O)]]

for a constant independent of s, £, t € [0, tg], and ¢. Let § > 0 and 79 := (2%,) T

Using the above estimate for 0 < t + £ < 79 and Lemma[34] for 79 <t + £ < tg, we
obtain a number s1(d) > a such that

(3-8) 1511 < é1[o(0)l3

for s > s1(0). We can further write

sV(s+t+£-9) s+t+&€
(3.9) 52:/ -~-d7+/ o dr
s sV(s+t+£-9)
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Combining (B7)—@3) with (H2) and Lemmas B4l and BH, one finds s2(d) > s1(9)
such that

V(s +t,5)¢ = S(t)él e
< cdllollry, +cor(s) sup [[V(T+s,5)0lco
’ 0<r<t

s+t
+c/ V(s +7.5)6 — S(r)éllm dr

<cdlgl

s+t
rte [ IV + 86— S@ole dr

for s > s2(0), where the constants ¢ do not depend on 6, ¢, s, and t € [0,%9]. So
Gronwall’s equality shows that

(3.10) V(s +t,5)0 = St)¢lle < cdlllr,
for s > s55(8). Given ane >0 and a ¢ € E, fix u > w and ¢; € C?([-r,0], X) with
sup_[nB (s, A)¢() — ¢(€)ll < and l¢ = diflp <.

—r<e<
Set g(s) :== pR(u, A(s))¢1 € FY 5 for s > 0. Note that
(3.11) Sup [lg(s)llr,, < oo and - lim flg(s) = ¢lle < (K +1)e

since R(u, A(s)) converges strongly to R(u, A) as s — oo due to (H1) and the
Trotter—Kato theorem. Finally (3I1]) and (BI0) lead to

lim, oo V(s +t,5)0 — S()¢
< lmgos (IV (s +1,5)(0 — 9(s))ll
+ V(s +t.5)g(s) = S(t)g(s)lle + [1St)(9(s) — )l e)
<ce+lims oo [[V(s+1t,5)g(s) — St)g(s)||lg < ce
for a constant ¢ independent of ¢, s, and t € [0,¢9]. Hence, V(s + t,s) — S(t)

and, by Proposition 21|, Py (s) — Pg strongly on F and uniformly in ¢ € [0, o] as
§ — 00. (]

Remark 3.7. If V(-,+) is exponentially stable, then we can take a = 0 in the above
theorem. More generally, this is true if dim QgF is finite, (3:12) holds, and the
adjoint U(a,0)* is injective on Q*(a)E*. This follows from Lemmas 2.4, 2.5, and
Remark 2.6 of [21] and Proposition B8 below.

Under stronger assumptions we can also show that V (¢, s) inherits the dimension
of the unstable subspace of S(t). In view of Bl Ex. IV.2.6.3] and [37, §4], condi-
tion ([BI2)) is true for second order elliptic operators on LP-spaces with Neumann
boundary conditions and sufficiently regular data (provided that 5 < 1/2).

Proposition 3.8. Let (H1), (H2), and o(B) NiR = () hold. We further assume
that

R(w, A(t)) — R(w, A) in L(X,X2) as t — 0o and

Xy = Xéq , t >0, with uniformly equivalent norms

for some a € (0,1] and 0 = BV (1 — «). Then dim Qv (t)E = dim Qs FE for t > a,
where Qv (t), Qs, and a are given as in Theorem [Z4.

(3.12)
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Proof. (1) The proofs of Theorem[3.6l and LemmaB.Tlshow that there is an a; such
that V4 (-, -) is hyperbolic with uniform constants N, > 0 for a > ay, where V,(-,+)
solves (Z9) for L,(-) and U,(:,-). Assumption ([BI2) yields that Fy ; = F(fﬁ for
t>0and § =6V (1—«a). Thus,

c(t) = sup |[Va(s+1t8)lcmrp,) <0
a>a1,s€ER ’

by Lemma BElif ¢ > 2r + 1 =: {y so that, setting Q. (t) := Qv (¢),

sup | Qa(s)llem,rp,) = sup [Va(s,s —to)Va,o(s — to, $)Qa(s)l c(m,rp,)
a>a1,s€ER ’ a>a1,s€ER ?

< ¢(tg)Ne %%,
In the same way we see that Qs € L(F, FaAﬁ). Similarly as (I0) one derives
lim sup |V, (s +¢,8) — S(t )HL( FpyE) = 0.

a— 00 sER

We now use (Z.I4)) to deduce
(@5 = QD) = 3 | ROTS)(T(1) = To(1)QuOROTr, (1)

(@5~ Qu()@s = 5 / RO\ Ty, (1)(Ty, (1) — Ts(1))Qs RO\ Ts(1)) dA.

Due to the uniformity of N and §, the norms of R(A, Ty, (1)) are independent of a
(see the proof of [31], Prop. 3.3]). Combining all these facts, we arrive at

(3.13) lim sup [[(Qs — Qa())Qs| = lim sup [[(Qs — Qa(t))Qa(t)]| = 0.
a—0o0 teR a—0o0 teR

(2) Recall that a projection P has the resolvent R(\, P) = A1 (1+(A\—1)"1P) for
A # 0, 1. Therefore R(\, Q,(t)) is uniformly bounded for a > a; and |\ — 1] = 1/2
since [|Qq(t)|| < N. Due to (3I3) and (the proof of) [20] Thm. IV.3.16], there is a
number as > a; such that 0(QsQa(t)), a > a2, has an open and closed subset in
the disc [A—1] < 1/2 and the corresponding spectral subspace E; has the dimension
dim Q. (t)E. Since (QsQq(t))|E1 is invertible, this identity leads to

dim Qu (1) E = dim QsQ, (1) By < dim QsQu(1)E < dim Qg E.
Analogously one shows the converse inequality so that
dim Q,(t)E = dim Qs F

for a > a3z > as and ¢t € R. Because of property (b) in the definition of exponential
dichotomy it remains to verify that
(3.14) dimQ,(t)E = dimQ,, (t)F
for some t € R, where we have fixed a > a3 > a;. Observe that the stable subspaces

are given by
P (s)E={¢p€E: tlim V(t,s)p =0}, s>a
—00

(see e.g. 29 p. 551]), and thus coincide with P,, (s)E. As a consequence,
Po(t) = Pa(t) (Pa, (t) + Qa, (1)) = Fa, () + Pa(t)V (£, 0)Vay @ (@, 8)Qa, (1),
1Qa(t) = Qay (1)]| < NZe~070) <1

for large t > a. The assertion (BZI4) now follows from (the arguments in) [20]
§1.4.6]. O
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4. CONVERGENCE OF MILD SOLUTIONS TO THE INHOMOGENOUS PROBLEM

We now turn our attention to the inhomogeneous problem (ZIT]) assuming that
f(t) = foo as t — oo. We want to show that

lim u(t) = —(A+ Lo)  foo =2 Uso

t—o0

for the mild solution u of ([ZIT]). To that purpose we do not need to restrict ourselves
to the parabolic case (H1). So we only assume that L(-) € Cp(R, L5(X, E)) and
U(-,-) is an evolution family on X with J = R satisfying (2.6) with w > 0 (in order
to simplify several estimates). Let V' (-, ) be the evolution family on E solving (29).

We derive in Corollary and Proposition new ‘variation of parameters
formulas’ expressing the mild solution in terms of V(-,-) and f. Here the main
difficulty comes from the fact that f maps into X whereas V(t,s) acts on E. To
deal with this problem, we set

t4€

(Bxf)(1,€) = & / Us(t+€.7)f(r)dr, teR, £ [-r0],

— 00

for A > w and f € L*(R, X); cf. [15, (3.4)]. Clearly, E\f € Cp(R, E) and

M
(4.1) B2 flloo = 5= I flleo-

—w

We first show the convergence as A — oo of the function

(4.2) wr(t) = wn(ts s, f) = / V(tDAEf)(r) dr, > s.

Proposition 4.1. Let U(-,-) be an exponentially bounded evolution family on X
with J =R and L(-) € Co(R, Ls(E, X)). Define wy as in @2) for f € LR, X),
t>s, and A > w. Then wy(t) converges in E to w(t) = w(t; s, f) as A — o
uniformly for 0 <t —s <to and ||f||c < c. Moreover,

(t+-)Vs
(4.3) w(t; s, f)= / Ut+-7)(L(nw(r; s, f)+ f(r))dr for t>s.
Proof. Let t > s, f € L*(R, X), and A, u > w. The identities ([@2) and (Z9) yield
wn®) = [ Dt INE(T) dr
t p(t)vT
+/ / U(t+-,0)L(0)V (o, T)AExf)(T)dodr
(44) = Il + IQ.
Notice that

e MtHE=T) fitf Ur(t+&,0)f(o)do, t+E<T,

[U(t, T))\(Ekf)(T)](f) = {A@A(t+£_7) fi’oo U)\(t + 57 O')f(O') dO', t+§ > 7
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by (23). First, let ¢t + £ > s. Integrating by parts, we can transform I; into
(4.5)

13 T
I(€) = / " e NEHE=T) / Ux(t+£&,0)f(0)dodr

— 00

t t+€
+/ AeAEHETT) dT/ Ur(t+&,0)f(o)do
t+¢&

t+€ o t+¢
_ / AN (4 €, 7) f(7) dr - / Us(t+€,0)f(0) do
s . —o0 e
+ek<t+€—s>/ Ur(t + £,0)f(0) do + (1 —ekf)/ Ur(t + £,0)f(0) do

S

t+¢&
- / Ut +6,7)f(r)dr + Ut +€,5) / Us(s,7)f(r) dr

§ — 00
B / A (46,0 f(0) do

Fubini’s theorem further implies

t+¢& o
(&) = / / Ut + €,0)L(0)V (0, )A(Ex f)(7) dr do
t+e

(4.6) _ / Ut + €, 0)L(0)wn (o) do-
Similarly, we obtain
t+&
(4.7) @) = (1= ) [ Uit + €0 f()do
for t + ¢ < s. Combining (£4)-([&7T), we estimate
1 1
Joa(t) = wa(t)llp < 2Me ) (=t o)l
t
FMILO [ ur(o) ~ w,0)] o do
1 1
Jix(®) = wu(D)l < e+ (3 b )l

using Gronwall’s inequality, where ¢ and d do not depend on p, A, t,s. Hence w)
tends to a function w as asserted. The identity (E3) follows from (E4)-(@1) by
letting A — oo. O

We now define, for t > s, ¢ € E, and f € L>®(R, X),

(4.8) v(t; s, f) =v(t) :=V(t,s)p+ Allngo V(t, T)AENf)(T)dT
(

S

V(t,5)¢+w(t; s, f),

ot —s), s—r<t<s.

~
w
~—
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The formulas (Z9), [@3), and [3)) yield
- (t+)
(4.10) u(t) = U(t78)¢+/ Ut + - m)(L(r)o(T) + f(T)) dT

This identity shows that v(t) = u; and, hence, that u solves (ZIIJ).

Corollary 4.2. Under the above assumptions, [L8) and @) yield the unique mild
solution u of ZII), and uy = v(t).

We note that there are other formulas for mild solutions using ‘fundamental so-
lutions’ or ‘resolvent operators’; see [10], [25], [34], [36, Chap. 4], and the references
therein. These authors consider different situations partially obtaining stronger re-
sults. We have chosen our approach in view of the techniques employed in the proof
of Theorem (441

In a second step we want to replace in the above formulas the integrals over [s, t]
by integrals over R. To that purpose we assume that V(-,-) has an exponential
dichotomy with constants N, § > 0, projections Py (t), and Green’s function I'y (-, -).
We then introduce

(4.11) G (t) = Ba(t: f) ::/Fv(t,r))\(EAf)(T) dr

R
for t e R, A > w, and f € L*°(R, X). Observe that w) is continuous and
(4.12) J@a(t: £ < 2NM(1+0)670 o, AZw+1, tER,

by (I). Using a standard argument (see e.g. [7, p. 108]), we deduce from the

definitions (11) and (#2) that

n(t: ) = V(t, s)in(s: ) + / V(£ D)A(Ex f)(r) dr
(4.13) =V (¢, s)wa(s; f) + wr(t; s, f)

for t > s. This expression is the key to the next result.

Proposition 4.3. Let U(-,:) be an exponentially bounded evolution family on X
with J =R and L(-) € Cp(R, Ls(E, X)). Assume that the evolution family V (-, ")
solving Z3) on E has an exponential dichotomy. Define wy as in ({I1) for f €
L*(R, X) and X > w. Then wy converges in Cp(R, E) to a function w = w(-; f) as
A — oo uniformly for || flleo < c. Moreover,

(4.14) w(t; f) = V(t,s)w(s; f) +w(t; s, f), t=s,
and the mild solution of (ZIII) is given by u(t) = [v(¢)](0) and
(4.15) u(t) = V(¢ s)(d —w(s; f)) +w(t; f)

fort>s, ¢ € E, and f € L°(R, X).

Proof. Formula (ZI3) with s replaced by ¢ — s, [@I2), and the exponential di-
chotomy of V'(-,-) imply
1Py (8) (@ (1) = ()2 < ce™® || flloo + N [wa(t; t = s, f) = wu(t; t = s, )|

for ,u >w+1,t€R, s >0, and a constant ¢ > 0. Fix € > 0 and choose s > 0
such that ce%%||f||o < &. Proposition ET] then shows that

1y 1o sup [ Py (£) (@2 () — @, (8))llp < e.
te
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As a result, Py (-)wy converges in Cy(R, E) as A — oo. In a similar way we deduce
from ([@I3) with s replaced by ¢ and ¢ replaced by s + ¢ that

Vo (t,t+ 8)Qv (t + 8)[da(t + 5) — 1, (t + 5)]
= Qv (O)[wa(t) — w,(t)]
+Vo(t, t +5)Qv (t + s)[wa(t + 55 t, f) —wu(t + 53 t, f)],
Qv () (@A (t) — wu(t))|| e
<ce ™ | flloo + N e lwa(t + 55 £, f) —wu(t+ s; ¢, f)].

As above we see that Qv (-)wy converges in Cy(R, E) as A\ — oco. The identity (EI4)
then follows from ({I3) and Proposition BTl The last assertion is a consequence

of Corollary 2] (), and {14). O

We are now in a position to establish the convergence of v(t) ast — co. Let s € R
and f € L*°(R, X) with support in [s,00). Because of {I5) and the boundedness
of W, the function v is bounded if and only if ¢ — w(s; f) € Py (s)FE if and only if

(4.16) Qvs)p=w(s; f)=— )\lijgo Vo(s, T)ANExf)(T) dr.
If this is the case, then
(4.17) v(t) =V (t,s)Py(s)p + w(t; f), t>s.

Theorem 4.4. Let U(-,-) be an exponentially bounded evolution family on X with
J=Rand L(-) € Cp(R,Ls(E, X)). Take s € R, ¢ € E, and f € LR, X) with
support in [s,00) such that [@I6) holds and f(t) — fs in X ast — co. Assume
that the evolution family V(-,-) solving Z3) on E has an exponential dichotomy
with projections Py (t). Let A generate a Cy-semigroup T(-) on X, L € L(X, E),
and S(-) be the Cy-semigroup on E generated by B (see (L9)). Suppose further
that S(-) has an exponential dichotomy with projection Ps. Finally, assume that
U(t+t,7) — T(t) as T — oo strongly on X fort >0 and that V(r +t,7) — S(¢)
and Py (1) — Ps as 7 — oo strongly on E for t > 0. Then the function v given by
ER) converges in E 10 Vo () = too = —(A + Lo) "' foo, £ € [-7,0], and the mild
solution u(t) = [v(t)](0) of [ZI) tends to us in X ast — oo.

Proof. Proposition implies that

(4.18) lim @(t) = lim lim @y (¢) = lim lim @) (t)

t—oo t—00 A— 00 A—o0 t—00

if the double limit on the right hand side exists. Because of ([I7) and the expo-
nential dichotomy of V'(-,-) we thus have to show that the limits

(4.19) tli>Holo Wx(t) = wxrco and lim wy e =—(A+ Lo) ' foo

A—00
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exist in E. We first write
(4.20)

) t—T -
wk(t)z/o V(t,t—r)PV(t—T)/\e’\'[ Ur(t =7+ ,0)f(0) do dr
_/OO Vo(t, t+7)Qv (t +7)Ae™ /HTJF Ut +7+-0)f(0)dodr
0 —00

:/ V(t,t —T)Py(t — T)Ae™
0
></ U\t—74+t—7+ - —0)ft—7+-—0)dodr
0
—/ Vo(t,t+7)Qv (t +7)Ae™
0

></ U\t+74+t+7+ - —0)f(t+ 7+ —0)dodr.
0

We may assume that T'(-) also satisfies [28). Fix ¢ € (0,1), 7 € R, and & € [-r,0].
Fort € R, A > w+ 1, and ty > 0, we further compute

D (t,7,¢) = /OOO[U,\(t:FT—l—E,t:FT—l—f—U)f(t:FT+§—a)—e_)‘”T(U)foo]dU
— [ToErretrrre-a) U re-0) - f)do

+/we‘A”[U(t¢T+£,t¢T+£—a)—T(U)]fooda’
0

to
|D+(t,7,6)] < / M | f(t 74 €—0) — fool do

+ / AMe @M f|| oo do

to
to
+/O e NUEFT+EEFT+E—0) = T(0)] fool do

<M sup [[ftFT+ —0)— foollp +4Me " f]loo
0<o<ty

to
+ [N+t =0+ - T(0)) | do
0

Fixing a large to and letting t — oo, this estimate leads to

Mtﬂoo sup ||D:F(t77—7£)”§6
56[7""70]

for each 7 € R due to the assumptions and the theorem of dominated convergence.
Therefore the inner integrals in (@20) converge in E' to

/OO e T(0) foo do = RN, A) foo
0

as t — oo for each 7 € R. By assumption, V (¢t,t — 7) Py (t — 7) tends strongly to
S(7)Ps as t — oo for each 7 € R. One easily sees that

VQ(t,t-FT)Qv(t—FT) — SQ(—T)QS
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strongly (compare with part (1) of the proof of [32, Thm. 4.1]). Moreover, the
outer integrands in (E20) are bounded by ce™%" for A > w + 1. As a result of
Lebesgue’s convergence theorem and [I1, Exer. V.1.19], we thus obtain

lim @y (t) = /0 h S(T)Psie™ R(\, A) foo dT — /0 h So(=T)Qs M R(\, A) foo dT

t—00
= —B ']\eMR(\, A) foo =2 W oo
Hence, wy,0c € D(B) and w) (§) = Bwy,(§) = —AeMR()\, A) foo, which yields
(4.21) wxeo(§) = ox + (L= *)R(N, A) foo
for some ) = wx 00(0) € D(A). Moreover, wg\,oo(O) = Az + Lwy o so that
“AR(\, A) foo = Azy + Loxs + L(1 — eM)R(\, A) foo-

Since S(-) is hyperbolic, A + Lg is invertible by [I1, Thm. IV.3.6, Prop. VI.6.7].
Thus,

ox = —(A+ Lo) T IAR(A, A) foo + L(1 = e)R(N, A) foc] — —(A+ Lo) ™ foo
as A — oo. This fact combined with (Z.21]) leads to the second identity in (Z19). O
5. THE INHOMOGENEOUS PROBLEM IN THE PARABOLIC CASE
We assume again that (H1), (H2), and o(B) NiR = @) hold. Fix a as obtained in
Theorem BH. We study the problem
¢
u(®) = U(t.@)o(0) + [ Ultr) (L + () dr, ¢ 2 a,

u(t)=9¢(t—a), a—r<t<a,

(5.1)

for ¢ € E and f € Cp([a,00),X) converging to foo in X as t — oo. Because of
Lemma 34 and Theorem B.6, we can apply Theorem E4l to conclude that

(5.2) Juy = tlg& u(t) = —(A+ Lo) ' fo

if and only if (106) with s = a holds. (Here we extend f by 0 to a function on R
and use the hyperbolic evolution family solving [29) for U,(-,-) and L,(+) as in the
proof of Theorem Bf.) To obtain the classical solutions of (1), we have to require
more regularity for L(-) and f. Here we use the space

Bi={o e B ol = sup 005" < o0}

el—r,
endowed with the norm | - |z and the assumptions
(H3) f e C)(Ry, X) and L(-) € C) (R4, L(E, X)) for some v € (0,1);
(H3") f € Cp(Ry, X), and ||f(¥)||%, and L(t) : B! — X! are uniformly bounded
for t > 0 and some v € (0,1).
We now come to the second main result of this paper extending [32] Thm. 4.1]
where the undelayed case was treated.

Theorem 5.1. Assume that (H1), (H2), o(B)NiR =0, and either (H3) or (HY)
hold. Fiz a > 0 as obtained in Theorem [3.8. Let ¢ € E satisfy (A10) with s = a
and f(t) — feo in X ast — oo. Then the mild solution u of (B.1)) is continuously
differentiable on [a + 2r 4+ 2,00), u(t) € D(A(t)), and

(5.3) w(t) = A@)u(t) + Lt)ur + f(t) for t > a4+ 2r+2.
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Moreover, u fulfills (52),

(5.4) lim 4(t) =0, and lim A(t)u(t) = Atco.

t—oo t—oo

Proof. We have already proved (G.2). Assume for a moment that u satisfies (5.3)
and that 4(t) tends to 0 as t — co. Then

lim A(t)u(t) = — tlirélo(L(t)ut + f(t)) = —Lotico — foo = Alleo.

t—oo

Thus the second part of (B4) follows from the first one and (E3). Extend f by 0
to R and recall that u(t) = [v(¢)](0) and

(5.5) v(t) = V(t,a)Py(a)¢ + w(t; f)
=V(t,a)Py(a)p + V(t,s)u(s; f)

t+-
+ / Ut +7) (L(w(rs s, f) + f(r) dr
=5 (t) + Sg(t, S) + Sg(t, S)

fort > s+r and s > a by ({9), @11, (I4), and E3). We first assume that (H3)
holds and establish the differentiability of V' (-, s)t in step (1). The derivatives of
Sk(t) are estimated in step (2). The required regularity of v and (G3)) also follow
from (1) and (2). Then we perform (more briefly) the analogous steps (1’) and (2')
supposing (H3').

(1) We verify that V (-, s)1 is Holder continuous in E for ¢ € E. Let s > a and
s+r+1<t <t<t +ty. Using (Z9) we calculate

(V(t, )8)(§) = (V(H, 9))(S)
t'+¢
= [0@E+&¢ +€) 1 (U +&5)6(0) + / Ut + &)LV (v, s) dr )

t+£&
+/ Ut+&1)L(r)V (T, s)ypdr
v+
U6+~ (U 68+ E - DV - L))
t+¢€

t'+¢&
+/t U+ & ILOV (rswdr) + [ U+ €LV (ns)bdr

r+e-1 v+
for £ € [-r,0]. Therefore (Z3) and (ZI) allow us to estimate

(5.7)
||V(t7 S)w - V(t,a SWHE

t'+€
<ct-(IVE - Lsplle+ s [ (@ re- ) Vol edr)
t

—r<e<0 et
te(t—t) sup [V(r,8)d|e
t'—r<r<t

<c(t—t)"  sup |V(rs)le
tI—r—1<7<t
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for € (0,1) and constants ¢ independent of ¥,t,t', s as chosen above. Hence,
LOV(, )y e C¥([s+r+1,0),X) by (H3). We further have
(

V(t,500] (€) = [Vt 1)V (11, 5] (€)
t+€
(5.8) — U(t+ &) [Vt $)9)(0) + / Ut +&,7) L)V (7, sy dr

for t > t; +r and t; > s. Thus t — V (¢, s)9 is continuously differentiable in E and
OV (t,8)(§) = At + Ut + &, 1) [V (t1,8)9](0) + Lt + )V (t + &, 1)V (t1, 8)9

the
(5.9) + A(t—i—f)/ Uit+¢&7)L(r)V(r,s)Ydr

t1

=:84(t,s) (§) + Ss(t,s) (§) + Se(t, s) (&)

fort >t +r>s+2r+1and ¢ € [—r,0] due to [2 Thm. 6.1(i)].

(2) We can now estimate the derivative of the first summand in (5.8) using (5.9)
with ¢ = Py(a)¢, s=a,t > a+2r+2,and t; =t — 1 — r. By means of (21I), [2]
Thm. 6.1(ii)], (H3), (51), and the exponential dichotomy of V(-,-), we obtain

I S1®)lle < cllV(t+r—1,a)Pv(a)d] e
(5.10) +e||[LC)V (s a)Py (@)l o (je—1-r4,x)
< Cefé(t7a72r72)”¢”E

for t > a + 2r 4+ 2 and constants ¢ independent of ¢ and ¢.

For 4(t) = 015(t, s) + 01 55(t, s) we first establish a global Holder estimate.

(Here 01 denotes the derivative with respect to the first variable.) The equality

#3), [, Thm. 4.3], and (@I) yield
(511)  fwCs s, Hlleoqsstr,m < e [[flleo + 1wl s, Hlles,sem,m)] < cr

for 6 € (0,1) and constants independent of s. Employing (H3) and [2, Thm. 6.1(i)],
we then derive

(5.12) [0155(t,5)](0) = A(®)[93(t, $)](0) + L(t)w(t; s, f) + f(t)
for t > s+ r. Together with (56), (B8), and (EA), this gives us the asserted
regularity of u(t) and
a(t) = A@)u(t) + LV (t, a) Py (a)¢ + V(E, s)w(s; [)+w(t; s, )] + f(t)
= A(t)u(t) + L(t)us + f(t)

for t > a + 2r + 1, where we have used v(t) = u; in the second equality.
We further deduce from (5.6)), [2, Thm. 6.1(ii)], (H3), and (5I1)) that

(5.13) 18155(t, s) — O1S5(t, s)|| 5 < clt — ']

for s4+2r+3>tt' > s+r+1/2 and a constant independent of s. Moreover, (E.0)
combined with (&IT) and [2, Thm. 6.1(ii)] implies that

(5.14) sup  [|0153(L, )|l E < ¢,
t€[s+r,s+2r42]

where ¢ does not depend on s.
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In order to obtain analogous estimates for 9;52(¢, s), we involve (5.9) with ¢ =
w(s; f). Let s+2r+3/2<t;+r+1/2 <t t <t;+r+2=:t;. We estimate
154 (t,8) = Sa(t',s)l| g < |t = '] |V(tx, s)d(s; f)lle
[195(t, s) = S5, s)le < clt =" [V (-, $)@(s; f)llov(tit1/2.620,8)
<clt—t] sup 1V (7, s)w(s; f)lle
TE[t1—r—1/2,t2]
[1S6(t,8) = S6(t', s)l| & < |t =t [LE)V(8)w(s5 e (e, x)
Sclt=t[" sup V(7 s)d(s; f)le
TE[t1—r—1,t2]
using 2.5), (H3), (7)), and Thm. 6.1(ii)]. Take s = ¢t —2 — 2r and t; =
s+r+1=1t¢t—r—1in the above estimates and recall that @ is uniformly bounded.
Then we arrive at

(5.15) |0192(t,t —2 —2r) — 0192 (t',t —2 = 2r)||g < c|t —t'|"
for a constant not depending on the above chosen ¢,t’. Similarly one sees that
(5.16) sup  ||0152(t,t —2 = 2r)||g < 0.
t>542r42
Choosing s =t — 2r — 2 in (E0), the inequalities (EI3)—-(GI6) yield
(5.17) 4o e C)(la+2r+2,00),E)

as required. On the other hand, w(¢; f) tends in E t0 voo = ueo as t — oo by ([{I8)
and (@I9). Let w(t) := w(t) — voo. The interpolation result [23, Cors. 1.2.19,
0.2.2], and (517) then imply

sup IFoOlE < 1GDlonmnr,m)

n<t<n+
~N1—0 ~ 1160
<c ||w||c([n7n+1]7E) ||w||C1+"f([n,n+1],E)
<c sup |ot) —veoly? — O as n — oo,
n<t<n+1

where h € (0,7), 6 = % , and the constants do not depend on n > a + 2r + 2.
Because of (&) and (EI0), the assertion is verified in the case that (H3) holds.

(1) Employing (B.8) for t; = ¢t —r — 1> s > a and (21]), we derive
(5.18) Vs @I <e  sw IV )ylls
¢

reft—r—1,

fort > s+r+12>a+r+1. The equality (59) then follows from (58], (5I]),
(H3'), and [2, Thm. 6.2(i)].

(2') Take s = a, t > a+2+42r,t; =t—r—1,and ) = Py (a)¢ in (5.9). Then (1),

(EI8), (H3'), [2, Thm. 6.2(iii)], and the exponential dichotomy of V' (-, -) imply that

(5.19) 100V (¢, a) Py ()]l < ce” 772 g| .
From ({3), [T, Thm. 4.3], and @T]) we further deduce
(5.20) ol 5, )l < e

for 6 € (0,1), t € [s,s+ T, and a constant independent of s. The identity (E3)
for t > a + 2r + 2 is now a consequence of (0.6), (29), (5:20), (H3'), and [2, Thm.
6.2(1)].
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We fix s =t —2—2r > ain (@6). Then [2, Thm. 6.2(iii)], (H3"), and (G20) lead
to

(5.21) sup ||01S3(t,t — 2 — 2r)|| g < oo.
t>a+2r+2 v
To deal with S3, we involve (B9) for v = w(s; f), t1 =t—r—1,s =1t —2r — 2,
and t > a + 2r 4+ 2. This gives
||81 V(t,t —2r — 2)711(1& —2r — Z)HEE,
<c¢ sup | V(r,t—2r—2)w(t —2r —2)|g-
t—r—1<7<t 7

<ec¢ sup |V(r,t—=2r—2)w(t—2r—2)|g
t—2r—2<7<t

(5.22)

IA

c

thanks to [32, Prop. 2.4], (5I3), (H3’), and [2, Thm. 6.2(iii)]. Putting (&2ZI)) and
(E22) together, we conclude

sup ||%1I}(1§)||E§ = sup [|01Sa(t,t —2r —2) + 0153(t, t — 2r — 2)| B < oo.
t>a+2r+2 t>a+2r+2
We set y(t) := [w(t)](0) = u(t) — [V (¢, a)Py(a)@](0) and remark that
(529 sup IO < oo
t>a+2r+2

Because of y(t) = A(t)y(t) + L(t)y: + f(t), the assumptions, (B2), and (EI9) imply
R(w, A))y(t) = —y(t) + wR(w, A(t))y(t) + R(w, At)) L()y: + R(w, A()) f(¢)
— —Uoo + WR(w, A)tuoo + R(w, A) Lotico + R(w, A) foo
(5.24) = R(w, A) [(A+ Lo)uoo + foo] =0
as t — 0o. On the other hand, the moment inequality (see e.g. [IT, Thm. I1.5.34]),
the embedding [I1] Prop. 11.5.33], and (&23)) allow us to estimate
5] < ell(w — A®) " g@)II" ™ l(w — A@®) " 5(6)]1°

< clltw—A®) g@I (g @)I5)°

< c|[R(w, A@®))y()|I*~*
for h € (0,7), 0 = H%h, and constants ¢ independent of ¢ > a + 2r + 2. As a

consequence of (5:24]) we thus obtain that ¢(¢) tends to 0 as ¢ — co. Together with
(E19) this establishes the theorem also under the hypothesis (H3'). O

The above proof leads to the following regularity result for mild solutions.

Proposition 5.2. Assume that A() satisfies (P) and that L(-) € Cp(Ry, Ls(F, X))
satisfies either (H3) or (H3'). Then the mild solution u of (ZII) is continuously
differentiable on (s + r,00), u(t) € D(A(t)) fort > s+ r, and u fulfills (1) for
t > s+r. If in addition $(0) € D(A(s)) and either ¢ € C7([—r,0],X) (in case
(H3)) or ¢ € E5 (in case (H3')), then the assertion holds with t > s + r replaced
byt > s.

Proof. The first assertion follows from (), ([E3), (5J)), and the arguments used in
parts (1) and (1’) of the proof of Theorem Bl Similarly one sees that the function
7+ L(T)ur + f(7), T > s, is either Hélder continuous or bounded in X7 under the
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additional assumption on ¢. Thus (ZII) and [2, Thms. 6.1, 6.2] imply the second
assertion. 0

Remark 5.3. Using Lemma [3.5] and modifying the proofs in a straightforward way,
one can replace (H3) in Theorem [5.1] and Proposition 5.2 by the condition
(H3a) f € CJ(Ry,X) and L(-) € CJ (R4, L(C"([-r,0],X), X)) for some ~,h €
(0,1).
Example 5.4. We investigate the retarded heat equation
O u(t,x) = a(t, x) Oppu(t, z) + c(t, z)u(t, z)
—l(t,2)u(t —7(t),z) + f(t,x), t >0, z € [0, 7],

u(t,0) =u(t,m7) =0, t>0,

u(t,z) = o(t,x), —2<t<0, xz€][0,n],
where a,c,l € C}(Ry, C[0,7]), 7 € C*(R4,[0,2]), p € (0,1), a(t,z) > ap > 0, and

a(t,x) =1, c(t,x) = 1+¢e, It,x) = Fe, 7(t)—1

uniformly for # € [0,7] as t — oo for some ¢ > 0. Let X = L*(0,7) and D =
W22(0, ) N Wy2(0,7) be endowed with the usual norms. Set

At)p=al(t,") " +c(t,-)p and Af =¢" +(1+¢e)p

for ¢ € D and ¢t > 0. One easily verifies (H1) with v =1 and (B12) witha=60=1
using elliptic regularity. On E = C([-2,0], X) we further define

L(t)¢ = —I(t,-) p(—7(t)) and L¢=—Fe" ¢(—1).
Observe that (H2) is satisfied for each 5 € (0,1) and that (H3a) holds with h =
v=pif f € Cf'(Ry,X). (One could also work with space regularity of I and f
using (H3').)

Define B as in (L3). In [36, pp. 78-80] it is shown that o(B) NiR = ( for
small € > 0. For ¢ = 0, there are two simple eigenvalues +i5 with corresponding
eigenfunctions ¢+ and spectral projection @Q); the rest of the spectrum has real part
smaller than d < 0.

Thus, for small € > 0, V (¢, s) has an exponential dichotomy on an interval [a, c0)
with two-dimensional unstable subspaces. We obtain the convergence of the mild
solution if f(t) — fs and (BIG) holds with s = a. If € = 0, one sees by a rescaling
argument that there is a splitting such that V (¢, s) P(s) is exponentially stable. For
¢ € E there are numbers cy such that Q¢ = c1 ¢4 + c_¢_. Theorem also
implies that

V(S + t? S)Q(S)(j) — S(t)Q¢ = C+ eit%¢+ +c_ e_it%(ﬁ,
ass —oofort>0and ¢ € FE.
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